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Abstract 

The mKP equation with self-consistent sources (mKPESCS) is treated in the frame- 
work of the constrained mKP hierarchy. We introduce a new constrained mKP hier- 
archy which may be viewed as the stationary hierarchy of the mKP hierarchy with 
self-consistent sources. This offers a natural way to obtain the Lax representation for 
the mKPESCS. Based on the conjugate Lax pairs, we construct the generalized Dar- 
boux transformation with arbitrary functions in time t for the mKPESCS which, in 
contrast with the Darboux transformation for the mKP equation, provides a non-auto- 
Backlund transformation between two mKPESCSs with different degrees. The formula 
for n-times repeated generalized Darboux transformation is proposed and enables us 
to find the rational solutions (including the lump solutions), soliton solutions and the 
solutions of breather type of the mKPESCS. 

Keywords: Lax representation; constrained niKP hierarchy; mKP equation with self- 
consistent sources(mKPESCS); Darboux transformation(DT); rational solution; soliton so- 
lution; solution of breather type 

1 Introduction 

Soliton equations with self-consistent sources (SESCSs) are important models in many 
fields of physics, such as hydrodynamics, solid state physics, plasma physics, etc. [1-8,15]. 
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For example, the nonlinear Schrodinger equation with self-consistent sources represents the 
nonlinear interaction of an electrostatic high-frequency wave with the ion acoustic wave in 
a two component homogeneous plasma[8]. The KdV equation with self-consistent sources 
describes the interaction of long and short capillary-gravity waves [4]. The KP equation with 
self-consistent sources describes the interaction of a long wave with a short-wave packet 
propagating on the x,y plane at an angle to each other (see [15] and the references therein). 
Until now, much development has been made in the study of SESCS. For example, in (1+1)- 
dimensional case, some SESCSs such as the KdV, modified KdV, nonlinear Schrodinger, 
AKNS and Kaup-Newell hierarchies with self-consistent sources were solved by the inverse 
scattering method [1,2,3,6-10]. Also a type of generalized binary Darboux transformations 
with arbitrary functions in time t for some (1-1-1) -dimensional SESCSs , which offer a non- 
auto-Backlund transformation between two SESCSs with different degrees of sources, have 
been constructed and can be used to obtain N-soliton, positon and negaton solution [12-14]. 
In (2-|-l)-dimensional case, some results to the SESCSs have been obtained. The soliton solu- 
tion of the KP equation with self-consistent sources (KPESCS) was first found by Mel'nikov 
[15, 16]. However, since the explicit time part of the Lax representation of the KPESCS 
was not found, the method to solve the KPESCS by inverse scattering transformation in 
[15, 16] was quite complicated. In [17], in the framework of the constrained KP hierarchy, 
we get the Lax representation of the KP equation with self-consistent sources naturally and 
construct the generalized binary Darboux transformation for it naturally. The KPESCS is 
also studied by Hirota method in [18]. 

In this paper, we develop the idea presented in [17] to study the mKP equation with self- 
consistent sources. First we give a new constrained mKP hierarchy which may be viewed 
as the stationary hierarchy of the mKP hierarchy with self-consistent sources. This gives a 
natural way to find the Lax representation for the mKPESCS. Using the conjugate Lax pairs, 
we construct the generalized Darboux transformation with arbitrary functions in time t for 
the mKPESCS. In contrast with the Darboux transformation for the mKP equation which 
offers a Backlund transformation, this transformation provides a non-auto-Backlund trans- 
formation between two mKPESCSs with different degrees of sources. By this generalized 
Darboux transformation, some interesting solutions of mKPESCS such as soliton solutions, 
rational solutions (including lump solutions) and solutions of breather type are obtained. 

The paper will be organized as follows. We recall some facts about the mKP hierarchy and 
mKP equation through the pseudo-differential operator (PDO) formalism in the next section. 
In section 3, we introduce a new constrained mKP hierarchy and give some examples of 
equations. In section 4, we reveal the relation between the mKP hierarchy with self-consistent 
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sources and the constrained mKP hierarchy given in the previous section. Then the conjugate 
Lax pairs of the mKP hierarchy with self-consistent sources can be obtained naturally. Using 
the conjugate Lax pairs, we can construct the generalized Darboux transformations with 
arbitrary functions in time for the mKPESCS. In Section 5, the n-times repeated generalized 
Darboux transformation will be constructed by which some interesting solutions for the 
mKPESCS are obtained in section 6. 



2 The mKP hierarchy and the mKP equation 

Let us consider the following pseudo-differential operator(PDO) 

L = LmKP ^d + V + Vid-^ + V2d-'' + (2.1) 

where d denotes and V,Vj,j — 1,... are functions. Denote = (L"^)>i for Vm e N 
where {L^)>i represents the projection of L™ to its differential part whose order is more 
than 1. Then the mKP hierarchy is defined as [19] 

Lt,^[Bk,L],k>l. (2.2) 

or the equivalent form 

(L^)t,^[Bk,L%n,k>l. (2.3) 
The mKP hierarchy (2.2) can also be written in the zero-curvature form 

{B^)t^ - {Bjt„ + [Bn, Bn^] =0, n, m > 2. (2.4) 

The equation (2.4) has a pair of conjugate Lax pairs as follows 

i^i,tm = (Bmi^i), (2.5a) 

^lA = {Bni^i), (2.5b) 

and 

V'2,u = (^mV'2), (2.6a) 

^2,t„ = (^„^2), (2.6b) 

where Bk = —{dBkd^^)*, k > 2. We make a convention that for any operator P and a 
function /, (P/) means that the operator P acts on / while Pf means the product of P 
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and /. It is easy to sec that Bk are also differential operators. When n = 2, m = 3 we get 
the mKP equation as follows 

41^3 - Vxx. + 6FV, - S{D-'Vt,t,) - 6V,{D-%^) = (2.7) 

where DD'^ = D'^D = 1. Set 

u=-V, t=-^t3, y = at2, (2.8) 

the mKP equation will be written as 

ut - Gu^Ux + Uxxx + 'ia^{D~'^Uyy) - 6aUro{D~^Uy) = 0, (2.9) 

which is called the mKPI equation when a — i and mKPII equation when a — 1. Prom 
(2.5) and (2.6), we will get the conjugate Lax pairs of (2.9) respectively as follows 

aipi,y = ipi,xx - '^u^i,x, (2.10a) 

iji,t = {Ai{u)iJi), Ai{u) = -Ad^ + 12ud^ - 6{-Ux + fx^ - aD-\y)d, (2.10b) 

and 

ai>2,y ^ -iIJ2,xx - '2uip2,x, (2.11a) 

V^2,t = {A2{u)i^2), A2{u) = -Adr" - 12ud'' - 6{ux + u^- aD-\)d, (2.11b) 
It is known that the system (2.10) is covariant w.r.t. the following transformations [20] 

/ rn / f J i^i,x9idx + C2 , . 

J h,xgi'^x - Ci 

while the system (2.11) is covariant w.r.t. 

/ rn / J '^2,xfidx + C2 , . 

J /i,a;5'ida; - Ci 

where fi,gi are solutions of (2.10) and (2.11) respectively and Ci, C2 are arbitrary constants. 
We point out that throughout the paper, the integral operation J /i/2dx means /i/2da; 
or — fif2dx and contains no arbitrary function of y and t, only numerical constant if we 



impose some suitable boundary condition on the integrand functions /i and /2 at .x = — oo 
or z = cxD. Substituting (2.12a) (with C2 = 0,Ci = C) into (2.10b), we will get the following 
identity 

- J^I fi,.gidx-c)t 

_ / _ f ji^i,x9idx _ P J {i^i,xgi,t+i'i,xtgi)dx{J fi,xgidx-C)-(J ilJi,xgidx)[J{gi,tfi,x+gifi,xt)dx] 

- ^1,* J^'t J fi,xgidx-C (/ h,xgidx-Cy 

= (A,(«)^0-(^iM/i)jg^ 

_ f U {i^Ux{M{u)gi)+{Ai(u)i}i)xgi)dx]{^i,xgidx-C)-{S iii,xgidx)[S ({A2{^^^ 

if /i.xflidx-C)2 

(2.14) 



3 A new constraint of the mKP hierarchy 

In [19], W.Oevel and W.Strampp have studied the constraint of the PDO L (2.1) as 

L"= (L")>i+^o + 5-V, (3.1) 

from which we will get the Kaup-Broer hierarchy when n = 1. Here we consider a new 
constraint as follows 

L'* = (L")>i + qd-'rd. (3.2) 

where q,r satisfy that 

qtk = (Bkq), = (Bkr), (3.3) 

and = ((L")^)>i = [((L-)>i + qd'^rdfu]^,. 

Then a new n-constrained mKP hierarchy will be obtained as 

{L^)t, = [{L')>,,L^] = [Bk,L% (3.4a) 

qt, = {Bkq), (3.4b) 

rt, = {Bkr), (3.4c) 

First, we will prove that the constraint (3.2) together with the condition (3.3) is compatible 
with the mKP hierarchy (2.2). The following formulas for PDO will be useful in the proof 
and we list them below, 

{A*)o = res{d-'A), {A)o = res{Ad-''), {Ad-')<o = {A)od-' + {A)^od-\ (3.5a) 

{Pqd-^r)<o = {Pq)d-^r, {qd-^ r P) <q = qd'^P* r) , (3.5b) 

where A is an arbitrary PDO and P differential operator. (A)o denote the zero order term 
for a PDO A. 
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Theorem 3.1 The constraint (3.2) together with the condition (3.3) is compatible with the 
mKP hierarchy (2.2). 

Proof: We need to prove the foUowing identity 

{qd-^rd\ = [Bk, L"]<o = [S^, qd-^rd]<o, (3.6) 

the l.h.s. of(3.6) = qt^d~^rd -\- qd~^rti^d 

= {Bkq)d-^rd + qd-\Bkr)d (3.7) 

= h + h 



the r.h.s. of(3.6) — {B^qd ^rd)<o — {qd ^rdBk)<o 



A 

= ri - r2 



(3.8) 



(/i)o = ((Sfeg)9-Va)o = {Bkq)r, (^2)0 = {qd-\Bkr)d)o = g(Sfer), (3.9) 

(ri)o = res[d-\riy] = res[d-\drd-^qBl)] = res{rd-\Bl) 
= res{rd~^qBl)^o = res{rd~^{Bkq)) = r{Bkq), 



(^2)0 = (qd ^rdBk)o = res[qd ^rdB^d ^] = res[qd ^r{dBkd ^)] 
= res[qd-^{{dBud-^Yr)] = q{{dBud-^)*r) = -q{Bkr), 



(3.10) 
(3.11) 



So 



(ii)o + (^2)0 = (ri)o - (r2)o. (3.12) 

ili)<o = ((Sfeg)9-Va)<o = -iBkq)d-\,, (3.13) 

(/2)<o = {qd-\Bkr)d)^o = -qd-'[d{{B,r))] = qd-'[dd-\Bldr)] = qd-\Blr,), (3.14) 
By the last formula of (3.5a), we have 

(ria-i)<o = {Bkqd-h)^o = {nhd'^ + {n)<od-\ (3.15) 

i.e. 

{Bj,q)d-^r = (ri)oa-i + (ri)<o9-\ 

Multiplying d on the right and taking the negative part of both sides of the above identity, 
we get 

((Sfeg)a-Va)<o = (ri)<o 

So 

(n)<o = -{Bkq)d~^r^. 

(r2)<o = {qd-'rdBk)<o = qd-\dBky{r) = -qd-\Blr,) (3.16) 



So we have 

(/i)<o + (/2)<o = (ri)<o - (r2)<o (3.17) 

Prom (3.12) and (3.17), we can see (3.6) holds. 
This completes the proof. 

We give some examples below, 
(a) l-constraint(n — 1). 
Here 

L^d + qd-^rd. (3.18) 

So 

V^qr, Vi^-qr,, ... (3.19) 
B2 = {L')>i = a' + 2qrd, B2 = -(aSs^"^)* = -9' + 2qrd, 
B3 = (^^)>i = d^ + 3qrd'' + (SgV^ + 3q^r)d, 
Bs = -{dB^d-y ^d^ - Sqrd'^ + {Sq'^r^ - Sqr^)d, ... 
The first two equations of the 1-constrained hierarchy are 

qt2 = Qxx + 2qrq^, (3.20a) 

rt2 = -rxx + 2qrr^, (3.20b) 

and 

gts = Qxxx + "^qrqxx + (3gV^ + 3g^r)g^, (3.21a) 
Ttz = J^xxx - S^rr^^^; + (3gV^ - 3gr3;)r3;. (3.21b) 
Equation (3.20) is the generalized NS equation with derivative coupling given by Chen et al 



[21, 22]. The constrained hierarchy is also studied in 
(b) 2-constraint(n = 2). 
Here 

^2 = 9^ + 2Vd + qd-^rd. (3.22) 



from which we find 



V^ = qr-V,- V\ 



B2 = (L')>i = a' + 2Vd, B2 = -{dB2d-y = -a' + 2Vd, 
B3^{L%i^d^ + 3Vd^ + 3qrd, B^ ^ -{dBsd-^)* ^ - 3Vd^ + {3qr - 3V^)d, ... 
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The first two equations of tlie 2- constrained liierarcliy are 

Vt, = (gr),, (3.23a) 

% = Qxx + '^Vq^, (3.23b) 

= -r.x + 2yr,. (3.23c) 

and 

Vt, = Kx. + 3yv;, + V, + 3gry, - ^(?r,)„ (3.24a) 

% = Ixxx + 3^5^^ + 3grg^, (3.24b) 

rts = r^a;a; " "iVr^cx + (3gr - 3T4)ra;. (3.24c) 

(c) 3-constraint(n = 3). 
Here 

L^^^ + + 3(y^ + V; + yi)a + qd-^rd. (3.25) 
The first equation of the 3-constrained hierarchy is 

Vt, = V,, + 2K,. + 2FV;, (3.26a) 
31/1,^, = -2V;,, - 6V^l^,, - V, _ 61^2 _ 3^^^^^ _ QYY^^^ _ ^y^y^ + 2(gr),, (3.26b) 

gt2 = + '^Vq^, (3.26c) 

r*, = -r,, + 2yr,. (3.26d) 
Ehminating Vi from the above equation, we get 

\v.xx + ^^-'(^y,) + ^{D-X)yx - 'iVVx - 2(gr), = 0, (3.27a) 

gt2 = (Ixx + 2yga,, (3.27b) 

= -r^,,, + 2yr^. (3.27c) 

4 The mKP equation with self-consistent sources and 
its generahzed Darboux transformation 

If generahzing the constraint (3.2) to 

N 

L" = (L")>i + (4.1) 

i=l 



where 

Qify = (Bkqi), n^tk = (Bkn), (4.2) 

and adding the term {Bk)t„ to the right hand side of (3.4a), we can define the mKP hierarchy 
with self-consistent sources as follows 

{B,),„ - (L"),, + [B,, L"] = 0, (4.3a) 

qi,tk = (SkQi), (4.3b) 

r^,t, = {BuTi). (4.3c) 

So if the variable is viewed as the evolution variable, the n-constrained mKP hierar- 
chy may be regarded as the stationary hierarchy of the mKP hierarchy with self-consistent 
sources. Under the condition (4.3b) and (4.3c), we naturally get the conjugate Lax pairs of 
(4.3a) as follows 

^lA = (5fc^i), (4.4a) 

N 

V'l.t^ = (L>i) = (S,^0 + Y.1n ^'^^da;, (4.4b) 

i=l 

and 

^2,t, = (^feV2), (4.5a) 

N N „ 

ip2u = (^>2) = {BM - ([a(^g,a-V,a)a-^]>2) = (^„V'2) - / qi'^2,Ax, (4.5b) 

i=l i=l 

When n = 3, k = 2, under the transformation (2.8) and setting 

we will get the mKP equation with self-consistent sources (mKPESCS) and its conjugate 
Lax pairs respectively from (4. 3), (4.4) and (4.5). 
The mKPESCS is 

N 

Ut + u^xx + 2>a^D~^{uyy) - 6aD~^{uy)u^ - 6u^u^ + 4 ^(^j^j)^; = 0, (4.6a) 

1=1 

a^i^y = - '2u^i,x, (4.6b) 

a^i,y = - 2u^i,^, (4.6c) 
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which is called the mKPIESCS when a = i and mKPIIESCS when a = 1. Under the 
condition (4.6b) and (4.6c), the conjugate Lax pairs for (4.6a) are 

aipi^y = - 2iiV'i,a;, (4.7a) 

N 

= {A,{u)^,) + T^(vi/, $)^i, r^(*, $)^i = -4 J] / ^i^i,,dx, (4.7b) 

i=l 

and 

Q;V'2,j/ = -V'2,:ra; - 2liV'2,a;, (4.8a) 

N 

^2,t = (^(«)V'2)+T2(*,$)V.2, r2(*,$)V;2=4^$, h'ii^2,.dx, (4.8b) 
For the system (4.7), we can construct the following Darboux transformation. 

Theorem 4.1 Assume $i, $jv, ^i, ^iv be a solution of the mKPESCS (4-6) and 
fi, gi satisfy (4-V and (4-8) respectively, then the system (4-V has the following Darboux 
transformation 

where C is an arbitrary constant. 

Proof: It is obvious that i = 1, satisfy (4.6b), (4.6c) and (4.7a). 

So we only need to prove that (4.7b) holds, i.e., to prove the following equality 

= (AMmi[M)+Tum,m)MM- (4.10) 

Using (4.7b), we have 



MMt = (Ai(«)^i) + TA(*,*)^i-((Ai(«)/i) + rA(^,*)/i)jfeS^ 

_f /((A2Mgi)+T^(^,$)gi)V,i^,dx+f gi((Ai(M)V>i)+Ti,(^,^)V,i)^dx 

+ f(faib dx') -^^^^'^"^^'^"^^^^^'^^^'^-^''"'^'^"^-^^'^^^'^"^-^'^"^^^^^'^^-^'^"'^'^ 

"TJlU giYl,x ) (J- /i^j,pida;-C)2 



10 



It is easy to verify that (2.14) still holds now. So we only need to prove the following identity 

= Tk(^,m - Tk{^,m /j!:jx% - (4.12) 
+A(/,.^,.dx) ^^^-^'^)^-^-g:;{^(--^)^-)-^- 

By substituting the expression of and in (4.7b) and (4.8b), we find 
the r.h.s. of (4.12) 

- -4 EU / ^.^Mdx + 4A (4-13) 

J-ASr-^ (-01 — f J gi^j.r^dx X (J giV'i,:^da;)(J ^jfi,xdx) 
-r^Z^j=ll^J •^l//i,xSida:-C^ / /i,x9ida;-C 

Then using (4.9) and (4.7b), we can show that 



the l.h.s. of (4.12) 

-^^Z^i=ll^J -n J fl^^gidx-C) Jfl,a:gidx-C 



(4.14) 



= the r.h.s. of (4.12). 
This completes the proof. 

If C is replaced by C{t), an arbitrary function in time t in (4.9), then (4. 6b), (4. 6c) and 
(4.7a) are also covariant w.r.t. (4.9), but (4.7b) is not covariant w.r.t. (4.9) any longer. In 
fact, we have the following theorem. 

Theorem 4.2 Given -Uj^l/i, \1/Af, $i, ...,$Ar a solution of the mKPESCS (4-6) and let fi 
and Qi he solutions of the system (^.l) and (4-8) respectively, then the transformation with 
C{t) (an arbitrary function int) defined by 

r.T /^l,x/ldx + C(t) _ fl,x9l (ATKh\ 

^"""^^ //M^idx-C(t) -""^ Jg,,J,dx + Cit) Jf,,^g^dx-City ^^"''^^ 
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and 

*"^'W = -2 j/,,,.d.-cW ^-^■W = 2 j,,,/.d. + c-w '"^'^ 

transforms (4-6b),(4-6c) and (4-7) respectively into 

a^i[l]y = - 2m[1]*,[1],, (4.16a) 

a^i[l]y = - 2u[l]^i[lU i = l,...,N + l, (4.16b) 

aV'ifl], = M'^U - M'^lMMx, (4.16c) 

V'i[i]t = Ai(i.[i])V;i[i]+r^+i(*[i],$[i])Vi[i]- (4.i6d) 

So u[l], ^i[l], $i[l], i — 1,...,N + 1 is a new solution of the mKPESCS (4-6) with degree 
N + 1. 

Proof: Equations (4.16a), (4.16b) and (4.16c) hold obviously. We only need to prove (4.16d). 
Substituting (4.15a) into the left hand side of (4.16d) and using the result of the previous 
theorem, we have 

= - ^(.[i])^,[i]+t;(*[i],$[i])^,[i]- ^^')f^f^^^^^^^^ 



Jfl,.9ldx-C{t)^' ' ' ATV L J, L jyru J (J/^^^^^dx-C(t))2' 

(4.17) 

So we only need to prove 



I.e. 



C{t)fi f gi ^^^.^ f i^i,x9idx ^ _ C{t)fi J^Ji^^gidx 



Jfi,.9idx-C{t)J Jfig,,,dx + C{ty^' ''Jfi,,gidx-C{t)'^ {f f,,,g,dx - C{t)y' 

i.e., to prove 

f 91 . , _ jA,.9idx ^ jA,.9idx 

J Sf,g,,Ax + C{t)^^' ^'Sf,,^g,dx-C{ty^'''' J f,,^g,dx - C{ty ^^''^^ 

the l.h.s of (4.18) 

_ r 91 (J, _ / giV'i,^dj;+/igiV>i,:c , f ^ f JffiV'i.xdx x i 

J f hgi,,d:r+C(t)y'f^'^'^ [h,ndx~C(t) Jl9lJl,x (J7i_^pidx-C(t))^ ^ '^'^ 

_ rr ai'.-i-.r i_ gi/i:.^ J yi'i'L.rdx -i . 

~ J fi,^gidx-C{t) U h,^g\dx-C{t)y^i^-^ 

— _ n hi->Pi,xdx X , 

~ J^.Ui,:.gidx-C{t))=''^-^ 

J g\tlJ\,xdx 



Igii^i,.dx ' . (4-19) 



/ /i,,gidx-C(t) 

= the r.h.s of (4.18). 
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This completes the proof. 

Remark: If C(t) is not a constant, i.e. ^C{t) ^ 0, the DT (4.15) provides a non- 
auto-Backlund transformation between two mKPESCSs (4.6) with degree N and + 1 
respectively. 



5 The n-times Repeated Generalized Darboux Trans- 
formation for the mKPESCS 

Assuming /i, ...,/„ are n arbitrary solutions of (4.7) and gi, ...,gn are n arbitrary solutions 
of (4.8), Ci{t), Cn{t) are n arbitrary functions in t, we define the following Wronskians: 



n xn J 1 
„xn), 



Wiih,...,fn,gi,...,gn,Ciit),...,Cnit)) = det{X, 

W2{fi,...Jn;9i,-,9n;Ci{t),...,Cn{t)) = det{X, 

W3{fi,...Jn]9l,-;9n-hCi{t),...,Cn-lit)) = det{Yny:n), 

W^{fl,...,fn-i;9l,---,9n;Ci{t),...,Cn-lit)) = det{Ynxn), 



(5.1) 



where 



= -5ijCi{t) + J gjfi,xdx, (5.2a) 

Xij = SijCi{t) + J gj^^fidx, i,j = l,...,n, (5.2b) 

Yi,j = -SijCi{t) + J gifj,xdx, i = 1, n - 1, j = 1, n; Y^j = fj, j = 1, n. (5.2c) 

Yij = SijCi{t) + J gj^^cfidx, i = 1, ...,n- 1, j = 1, ...,n; Y„j = gj, j = 1, ...,n. (5.2d) 

Lemma 5.1 Assume are solutions of (4-7) and gi,...,gn are solutions of (4-8), 

then for 2 < m < n, 1 < k < n — m, we have 

Wi{fm[m- l],...,/^+fe[m- l]\gm[m- l\, gm+k[m - l\\Cm{t), ...,Cm+k{t)) 

^ m(/m-l[m-2],...,/^+fc[m-2];g^-l[m-2],...,g„+fc[m-2];C^-l(t),...,C^+fc(t)) (^5.daj 
-Cm-l{t)+S fm-lVn-2]xg,ri-l[m-2]Ax ' 

W2{fm[m - 1], ...,fm+k[m - l];gm[m - 1], ...,gm+k[m - l];C^(t), ...,C^+fc(t)) 

^ W2(/r,t-l[m-2],...,/^+fc[m-2];g^_i[m-2],...,g^+fc[m-2];C^_l(t),...,C^+fc(t)) (_5.dbj 
Cm-i(t)+i f7n-i{m-2]gm-i[in-2]xAx ' 

W^{fm[m~ 1], ...,/„,+fe[m - l];^„[m- I], gm+k-i[m - 1]; C„(t), C^+fe_i(t)) 

_ W^3(/m-l[m-2],...,/^_).fe[m-2];g^-l[rra-2],...,g^_).fe_l[m-2];C,n-l(*),...,C'm+fc-l(*)) 
-Cm-i(t)+//m-i["i-2]a:g„i_i[m-2]da; ' 

(5.3c) 
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W4^{fm[m - 1], ...,frn+k-l[m - I]] 9m[m - 1], ...,gm+k[m- l]]Cm{t), ...,Cm+k-l{t)) 
_ W4(/m-l["^-2],-,/^-)-fc-i[m-2];g yrt— i[m— 2],...,gyr^_j_fc[m— 2];CT7^_i(t),...,Cj^_j_fc_l(t)) 
~ Cm-i(t)+f fm-i[m-2]gm-i[m-2]xdx 

(5.3d) 

This lemma can be proved in the same way as we did in [17]. Then we have 

Theorem 5.1 Assume thatu, ■ ■ ■ , \1/Ar, $1, ■ ■ ■ , is a solution of the mKPESCS (4-6), 
/ii ■ ■ ■ ) /n (ind gi, - ■ ■ ,gn solutions of (4-7) and (4-8) respectively, Ci(t), C„(t) are n 
arbitrary functions in t. Then the n-times repeated generalized Darhoux transformation for 
(4-'^) is given by 

, r , Ws{fi,...,fn,ipi;gi,...,gn;Ci{t),...,Cn{t)) , 
^^^^J W,{f„...,f^■,g^,...,g^■,C,{t),...,C^{t)) ' ^""^^^ 

r 1 , ;ni ^2(/l, -, fn, gl, -,^?n; Ci{t) , Cnjt)) , . 

u[n] = fx + d^—— — -r „ 5.4b) 

Wiifi, fn] gi, gn, Ci{t), Cn{t)) 

,p r 1 W3{fi,...,fn,'^i;gi,-,gn;Ci{t),...,Cn{t)) 

^^"J W,{f^,...,fn■,g^,...,gn■,C^{t),...,Cnit)) ' 

^ r 1 W^ifl, /n; gi, -, gn, Cl(^), Cn(^)) 

Vl/2(/i,...,/n;5i,-,gn;Ci(f),...,C„(t)) ' ^ • ^ 



H3(/i Jj-uJ)^i----.InJ);yL,.--.yj-uyj^i,....yn:Ci{i),...X'j^,{i)X-j^ai),...,C„(t)) 

Wi(h,...,fn;gi,-,9n;Ci(t),...,C„(t)) ■ 



(5.4e) 



_ 1 /a W4(/lv..Jj-l Jj+l,...Jn;glv.vgj-l,gj+lv..,gn,3j;Cl(f)v..,Cj-l(t),Cj+l(t)v..,Cn(t)) (K Af) 

- 2M^j\'^) W2(/i,...,/n;si,...,gn;Ci(t),...,C„(t)) ' ^ - ' 

i^l,...,N, j = l,---,n. 

a^';[n]j, = ^iN^^ - 2n[n]^,[n]^, (5.5a) 

a^i[n]y = -^i[n\^^ - 2u[n\^i[n\^, l = l,...,N + n, (5.5b) 

aV'i [n] y^ipi [n] xx - 2u[n\i>i[n], ( 5 . 5c) 

^Mt = A(«N)^i[n] +T^+„(^[ri],$[ri])^/;i[n]. (5.5d) 
50 u[ri\, j[ri\i ^jM, j = 1, + n satisfy the mKPESCS (4-6) with degree {N + n). 
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Proof: By (4.15) and (5.3), we have 



r„l _ W3 {fu [n-l] ,^1 [n-l] ;g„ [n- 1] ;C„ (t)) 
flU'-l - Wi(/n[n-l];<;„[n-l];C„{t)) 

^ W3(/„-i[n-2],/„[n-2],V>i[n--2];g„_i[n-2],g„[n-2];C„_i(f),Cn(t)) 
-C„_i(t)+/ /„_i[)i-2]2:3„-i[n-2]da; 

-C„-l(t)+J /n-i[n-2]j,gn_i[ra-2]dx 

Vyi(/„_i[n-2],/„[n-2];g„_i[n-2],s„[n-2];C„_i(t),C„(t)) 

^ W^3(/i,/2,...,/n,V'i;gi,...,gn;Ci(t),...,Cn(t)) 
m(/i,.-,/n;gi,.-,9n;Ci(t),...,C„(t)) • 

Similarly we can prove (5.4c) and (5.4d) hold. 



u[n] — u[n — 1] + 9a;ln-j 

= M[n-2] + a^ln^ 

— „\r, O] I f) ] Jw2(fn-l[n-2]J„ln-2]-,g„-iln-2],gnln-2]-,C„-i(t),C„{t)) 

- a[n -^t^x"Vj(/„_^[„_2],/„[„_2];g„_i[„-2],g„[n-2];C„_i(t),C„(t)) 



W2(/n[n-l] 


;g„[n-l];C„(t)) 


Wi(/n[n-l 
/ f„-i[n-2 


;gn[n-l];C„(t)) 

gn-lln-2]a:dx + Cn-l{t) 


JU-i[n-2 


xgn-i[n-2]dx-Cn-i{t) 



, ;3 i^ ^2(/n[»-l];gn[n-l];C„(t)) 



11 -L f) In ^2(/lr--,/n;gi,.--,gn;Cl(t),...,Cn(t)) 

"^''Vi(/i,...,/„;gi,...,g„;Ci(t),...,C„(t)) " 



SO 



So 



l9j\J - 1]/.[J - l].d^ - Cj{t) Jgj\j - l]fj\j - lUx - Cjity 

1 \f^)fA3-^] 



2//,[i-iUb'-i]dx-Q(t)' 



W3(/n[n-l],'^jv+j[n-l];g„[n-l];C„(t)) 
Wi(/„[n-l];g„[n-l];C„(t)) 

WzUi+lbV-- Jn\j]'^ N+3\j\\gj+\\j\^--- '9n\j\'fij + l{t),--- ,C„{t)) 

m(/,+i[j].-./nb1w+ib1.-,ffnb1;C,+i(*).-,c„(t)) 

W'4f,+i[j],-Jn[j],fj[j];g,+i[j],- ,g4j];C,+i{t),- ,C„{t)) 
2Cj{t) WiUi+ibV- ,g„[i];C,'+i(t),- ,c„(t)) 



2Ci{t) Wii h,- ,U;gi,- ,gn;Ci{t),- ,C„{t)) 

, W3{fi,...,fj-iJj+i,...,fri,fj-,gi,-,gj-i,gj+i,-,gn;Ci{t),-,Cj-i{t),Cj+i{t),...,Cn{t)) 



_ _1 H^ai/iv-- Jj-i,jj+i,...,/n,/j;gi,---,gj-i,gj+i,---.gn;OUtJr--^j 

- 2\l'^j\'') Wi{fi,...,fn;gi,...,g„;Ci{t),...,Cn{t)) 
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Similarly wc can prove (5.4f) holds. 
This completes the proof. 

Remark: If Cj{t),j = 1, n are not constants, i.e. ^Cj{t) ^ 0, the DT (5.4) provides a 
non-auto-Backlund transformation between two mKPESCSs (4.6) with degree N and N + n 
respectively. 



6 Some examples of solutions for the mKPESCS 

1. Rational solution. 
Example 1: Rational solution with singularities for the mKPIIESCS (a = 1). 
If we set a = 1 in equation (4.6), we get the mKPIIESCS 

N 

Ut + u^xx + "iD'^iuyy) - 6D~^{uy)ux " Gu^u^ + 4^(^'j$j)2. = 0, (6.1a) 

i=l 

'^i,y = '^i,xx - 2ti*i,x, (6.1b) 
^i,y = -^i,xx - 2M$i,x. (6.1c) 

We take u = 0, $i = ae'^^-'^'^/, = ^^-kx+^y^ fc, a, 6 e R as the initial solution of (6.1) with 
= 1 and let 

h = (2X + 8% - - ^ykx+4k^y-32kH-^-ft^ ^ ^2kx-4k^y-32kH+8abt^ ^^^^ ^ 

then by DT (4.15), we get the rational solution with singularities for the mKPIIESCS (6.1) 
with iV = 1 as follows 

ni 1 I fi9i,xdx 8k 

u\l\ — Oxln^ , , = , , . r7—r-. r, (6.2a) 

^ ^ Jgih,Ax {2kA+l){2kA-iy ^ > 

A + — 

*i[l] = 366"'=^+'='^-^, (6.2b) 

^ + 2fc 

1 A - — 
$i[l] = -ae*^^-*^ y- f^, (6.2c) 

where A = 2x + 8ky- 9QkH - 
More generally, if we take 

r, Aabt , /, .J. I 7^2,, A 1.3 4abt 

f^ = {x + 2hy - 12k^t + ^^--^)e''^+'^' '"^ , (6.3a) 
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I 1 1 At , 4:kjabt 

g. = e>^^-kfy-4kf + ^^ (6.3b) 

Ci{t) — 0, ki ^ ±k, i — 1, n, ki + kj ^ 0, Vz, j, (6.3c) 

then (5.4b), (5.4c) and (5.4d) will give the rational solution with multi-singularities for the 
mKPIIESCS with TV = 1. 

Example 2: Lump solution for the mKPIESCS (a — i). 
If we set q; = i in equation (4.6), we get the mKPIESCS 

AT 

Ut + Uxxx - ^D'^iuyy) - 6iD~^{uy)ux - Gu^u^ + 4 ^(^^$j)^ = 0, (6.4a) 

i=l 

i^i^y = '^i,xx - 2xi*i,a., (6.4b) 
= - 2u<^i^^. (6.4c) 

We take w = 0, $1 = g^^-ikx-ik^y ^ ^ ^^ikx+ik^y^ A;, o, 6 e M as the initial solution of (6.4) 
with = 1 and let 

o Aabkti , _,;^,i;2„_ 

fi = {x- 2ly + 12rt - — — —)e 2/ 4«< t gi = e ''^ ^ *+t=f^ 

(/c -|- t j 

/ e R, / 7^ i/c and C{t) = 0, then by DT (4.15), we get the 1-lump solution for the 
mKPIESCS (6.4) with TV = 1 as follows 

ni 1 I f^9i,xdx AH 
u\l\ — Oxln.^ = : — 7-17. (6.5a) 

^ ^ Jgifi,.dx l + {2lAy' ^ > 



v]> fii .kx^+k■^yi -'^^Kk + l)+i{k-l) 
^ 2lA{k-l) + i(k-l) ' 

_2M(Z + A;)2 + z(A; + 0'' 



(6.5b) 
(6.5c) 



where A^x-2ly + 121H - Aab 
More generally, if we take 



ikt 



/j = - + 12iji + -^j-^—g^)e ' ' , (6.6a) 

-7 -lO * -7^* 4ilAabt 

-iljX-il-^y-4ilH+ , .-^.^ „, X 

Qj = e ' ^ h " ^ (6.6b) 

Cj(t)=0, Ij ^ ±kj ^ l,...,n,lrn + lj 7^ Q, "^rnj, (6.6c) 
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then (5.4b), (5.4c) and (5.4d) will give the multi-lump solution for the mKPIESCS with 

N=l. 

2. Soliton solution. 

Example 3: Sohton solution for the mKPllESCS. 
We take w = as the initial solution for the mKPllESCS (6.1) with = and let 

^ ^M^y-AkH ^ g6 ^ ^ ^l.-fiy-AlH ^ ^6 ^ c{t) ^ e^^^*) , 

wherefc, / G M, A; + / 7^ 0, and [3{t) is an arbitrary function in t. Then by DT (4.15), we get 
the 1-soliton solution for the mKPllESCS (6.1) with = 1 as follows 

"^'^-^^'"/^i/Mdx-C(t)- (^e.-e-.)(^e. + e-.)' 2 /^(^)'(6.ra) 



1 y'C(t) \IW{t) e«i+^W 



1 V^(^) V2/^(^) e«2+^W 

More generally, if we take 

/. = e^i^+kh-^k^t ^ g. ^ ^hx-i}y-^i\t ^ Q,^^^ ^ ^Mt)^, = 1, n, (6.8) 

where ki,li e E, A;^ + Ij 7^ 0, , then (5.4b), (5.4e) and (5.4f) will give the n-soliton 

solution for the mKPllESCS with N ^ n. 

Example 4: Soliton solution for the mKPIESCS. 
We take w = as the initial solution for the mKPIESCS (6.4) with AT = and let 

^—ikx+ik'^y—Aik^t g^ ^ikx—ik^y+iik^t C(t) 16^^^^^ 

where k E C and f3{t) is an arbitrary function in t. 

Set k = fj. — iu, /X, z/ G M, 7^ 0, 

then 

/i = e^+^ 9i = fi = e-'+^ 

where 

9 — —i/ix + — v^)y — 4:i{fj,^ — 2>iiu^)t, rj — —vx + 2/xi^y + Av{iJ^ — 'iii^)t. 
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Then by DT (4.15), we get the 1-soliton solution for the mKPIESCS (6.4) with N = 1 as 
follows 

^ ^ J gJ,,.dx-C{t) ley + (e-f - f^efr ^ ^ ^ ^ ^ 



1 \ C(t) _^)ge+.x+2W4.^t+12/.^.t 

2^^//i^^ida;-C(t) (ii,-yr^)e8'^^*+4M^2^ + 2i/e'3W+24M2^*+2z^^' ^ 



1 \ C(t) m^fi_l^^~0+ux+2^,uy+4uH+12^^ut 

2^' / c/i,,/ida; + C{t) {iv + ^)e8-'*+4^^-2' - 2iye^(*)+24M2-*+2-^ ' ^ ' ^ 

More generally, if we take 

= ^-ikix^ik]y-^k]t ^ g, ^ ^k^x-ik^y+uk^t^ ^ ie^Pi^'\j = 1, n, (6.10) 

where = fij + iuj, fij, Uj G M, /cj 7^ A;™,, Vj, m and f3j{t), j = 1, n, are arbitrary functions 
in t, then (5.4b), (5.4e) and (5.4f) will give the n-soliton solution for the mKPIESCS with 
N = n. 

3. Solutions of breather type. 

Example 5: Solutions of breather type for the mKPIESCS. 
We take w = as the initial solution for the mKPIESCS (6.4) with = 0. If we take 

= g-iA,a;+iA2y-4U3t ^ ^ ^iiiX-ii]y^Hi]t ^ (j, ^ -^2/3, (t) ^ j ^ 1 ^ . . . ^ 2n 

where 

(Ai, A2n) = (/f^l, ^n! ^1, ^n)) (Cl) •■•) ^2n) = (^1) ^nj ^1, ^n); 

e C, Im{kj) ^ 0, Imilj) i^^^lm^ kj, \/m,j, 
we will get the solutions of breather type for the mKPIESCS by (5.4b), (5.4e) and (5.4f). 
For example, if we choose n — 1 and 

Ai = A;i = -bi, A2 = /i = -di, 6 = -^2 = di, ^ = Ai = bi, Ci{t) = C2{t) = ie^*, 

we will get the following solution of mKPIESCS 

roi _ 8(6 + (i)2cos6'e^i 

^ ~ ~ 4(6 + d)2e2t + 4(62 - d?)ef + (b - dfe^f-''' ' ^ 
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b+d 4{b+d)'^ 
b+d 4{b+d)'^ 

where 

f ^ -(^b + d)x + A{b^ + d^)t, e^((f-b^)y, r]i^-bx + Abh, r]2^-dx + AdH, 

Oi^-b\ 02 ^-d\ 

u[2\ is periodic in y and has sohton behavior along the coordinate x. 
Similarly, we can get the solution of breather type for the mKPIIESCS. 

Remcirk: In Example 1 and Example 2, when a — b — 0, the solutions obtained 
above will degenerate to the solutions of the corresponding mKP equations respectively. In 
Example 3, Example 4 and Example 5, when C{t){Cj{t)) are taken to be constant (s), 
i.e. ■§iC{t){-^Cj{t)) = 0, the solutions obtained above will also degenerate to the solutions 
of the corresponding mKP equations respectively [24] . 
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